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The main purpose of this paper is using the elementary and
algebraic methods to study the computational problems of the
fourth and sixth power mean of the classical Kloosterman sums,
and to give an exact computation formula and conversion formula
for them.
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1. Introduction












∑′ denotes the summation over all a such that (a,q) = 1, aa ≡ 1 mod q and e(y) = e2π iy .
The various properties of S(m,n;q) were investigated by many authors. Perhaps the most impor-
tant property of S(m,n;q) is the estimate (see [4] and [3]):
∣∣S(m,n;q)∣∣ d(q)q 12 (m,n,q) 12 ,
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Z. Wenpeng / Journal of Number Theory 131 (2011) 228–238 229where d(q) is the divisor function, (m,n,q) denotes the greatest common divisor of m, n and q.
Related works can also be found in [2]. If q is a prime p, then H.D. Kloosterman [7] studied the
fourth power mean of S(a,1; p), and proved the identity
p−1∑
a=1
S4(a,1; p) = 2p3 − 3p2 − 3p − 1.




S6(a,1; p)  p4.
Higher moments of the Kloosterman sums resisted any attack until 1979 when N. Katz skillfully em-
ployed P. Deligne’s profound theory of exponential sums over varieties over ﬁnite ﬁelds.
The main purpose of this paper is using the elementary and algebraic methods to study the com-
putational problems of the fourth and sixth power mean of the classical Kloosterman sums, and to
prove the two following conclusions:














where φ(q) is Euler function, ω(q) denotes the number of all different prime divisors of q,
∏
p‖q denotes the
product over all prime divisors of q with p | q and p2  q.

















where ( xp ) denotes the Legendre’s symbol.
It is possible that using our Theorem 2 and the very important works of N. Katz [6] and
W.M. Schmidt [9] one can give a sharper asymptotic formula for the sixth power mean of the classical
Kloosterman sums modulo p, a prime. Even if we believe that the following asymptotic formula
p∑
m=1
∣∣S(m,n; p)∣∣6 = 3p4 + O (p 72 )
holds for all prime p  3.
From our Theorem 1 we can also deduce the two following corollaries:










2p2 − 3p2 − 3p).
2. Some lemmas
To complete the proof of our theorems, we need the following several lemmas.
Lemma 1. Let p be an odd prime and α  2 be an integer. Then for any integers m and n with (n, pα) = 1, we
have the identity























where providing (u(u + 1), p) = 1, if β = 0.
Proof. We only prove the second identity in Lemma 1. Similarly, we can deduce the ﬁrst one. From
the deﬁnition of a modulo pα and noting that a − 1 ≡ a(1 − a) mod pα , and if a passes through
a reduced residue system modulo pα , then ab (1  b  pα and (b, p) = 1) also passes through a
reduced residue system modulo pα , we have









































Let (a− 1, pα) = pβ in (1), where 0 β  α − 1. Then a = upβ + 1 with (u, p) = 1 and 1 u  pα−β ,
if β  1. a = u + 1 with (u(u + 1), p) = 1, if β = 0. Therefore, we have



































where we have used the identity
S
(
m,n; pα)= pβ S(m/pβ,n/pβ ; pα−β), if (m,n, pα)= pβ .
This completes the proof of Lemma 1. 




































q, if q | s;
0, if q  s
(2)































































b(u + 1u2 − v + 1v2)
pα
)
u=1 v=1 b=1 u=1 v=1 b=1












b(upβ + 1u2 − vpβ + 1v2)
pα−β
)
≡ E1 + E2 + E3, (3)
where we have used the fact that pα | bpβ + cpγ if and only if β = γ and c ≡ −b mod pα−β .








































1− (p − 1)2
]
= p3α−2(p2 − 1). (4)












































































































































1+ 2pα−1(p − 3)
≡ M + 2pα−1(p − 3). (6)
Now we compute the sum M in (6). First we note that if (lm, p) = 1, then we have (l −m, plm − l −
m, p) = 1. If (lm, p) = p and p | (l −m)(plm − l −m), then p | l and p |m. Therefore, we have
















)+ p2α−2−2[ α−12 ], (7)












φ(pα) + p2α−2−2[ α−12 ] + 2pα−1(p − 3). (8)















)+ p2(α−1)−2−2[ α−22 ] + 2pα−2(p − 3). (9)






Note that if 1  β  α − 2 and pα−β | (u − v)(pβuv + u + v), then (u − v, pβuv + u + v, p) = 1.












































































Now Lemma 2 follows from (3), (4), (10) and (11). 
Lemma 3. Let n, k1 , k2 be integers with (n,k1k2) = (k1,k2) = 1. Then there exist integers n1 and n2 with
(n1,k1) = (n2,k2) = 1 such that
n ≡ n1k22 + n2k21 (mod k1k2),
and that for these integers we have
∣∣S(m,n;k1k2)∣∣= ∣∣S(m,n1;k1)∣∣ · ∣∣S(m,n2;k2)∣∣.
Z. Wenpeng / Journal of Number Theory 131 (2011) 228–238 235Proof. In fact this result is the exercise 15 of Chapter 8 in [1]. Since (k1,k2) = 1, we have (k21,k22) = 1.
Therefore there exists integer n1 such that n1k22 ≡ n mod k21, and n2 such that n2k21 ≡ n mod k22. These
imply that k21 | n1k22 + n2k21 − n and k22 | n1k22 + n2k21 − n. That is,
n ≡ n1k22 + n2k21 (mod k1k2).



























This proves Lemma 3. 
3. Proof of the theorems
In this section, we shall complete the proofs of our theorems. First we prove Theorem 1. In fact
for any odd number q  3 and integer n with (n,q) = 1, let q have the prime power decompo-
sition q = ∏ri=1 pαii , m = ∑ri=1 miqpαii . It is clear that if mi (i = 1,2, . . . , r) pass through a complete
residue system modulo pαii , then m passes through a complete residue system modulo q. Note that

























































































2p3 − 3p2 − 3p)











































This proves Theorem 1.
Now we prove Theorem 2. Note that S(0,n, p) = −1, from Lemma 1 we may get
p∑
m=1














mnb − ba(a − 1)2
p
)]3









mnb − ba(a − 1)2
p
)





















mnb − ba(a − 1)2
p
))3
≡ p(p − 1)3 + 3(p − 1)2W1 + 3(p − 1)W2 + W3. (12)



















































mnb − ba(a − 1)2
p
))2
= p3 − p2 − 4p. (14)
Note that for any integers a, b and c with (ac, p) = 1, the congruent equation ax2 + bx+ c ≡ 0 mod p
has 1 + ( b2−4acp ) integer solutions, where ( xp ) denotes the Legendre’s symbol. So from (1) and the
properties of the complete residue system modulo p we also have





































b+d+ f≡0 mod p
e
















1+d+ f≡0 mod p
e





















































(a(a − 1)2 + c(c − 1)2 − e(e − 1)2)2 − 4ac(a − 1)2(c − 1)2
p
)









(ce(a − 1)2 + ae(c − 1)2 − ac(e − 1)2)2 − 4ace2(a − 1)2(c − 1)2
p
)









(ce(a − 1)2 + ae(c − 1)2 − ac(e − 1)2)2 − 4ace2(a − 1)2(c − 1)2
p
)
− p4 + 3p3 + 3p2 − 16p. (15)




= 3p4 − 6p3 − 3p2 − 5p












This completes the proof of Theorem 2.
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